Abstract. We describe a method for calculating dynamical spin-spin correlation functions in the isotropic and anisotropic antiferromagnetic Heisenberg models. Our method is able to produce results with high accuracy over the full parameter space.
INTRODUCTION
One-dimensional quantum systems stand out because the effect of interactions is unusually strong, which turns them into a very suitable arena for the study of strong correlations. Another striking and very useful feature of certain one-dimensional systems is the fact that many of their properties can be calculated exactly, using methods that are unavailable for higher-dimensional systems. For a long time, however, the reach of such calculations has been limited to static properties. Indeed, calculating dynamical properties within the framework provided by exact methods has for a long time been regarded as hard, possibly even intractable. This is changing, however. With the advent of exact expressions for form factors in one-dimensional spin models, the possibility is opened up to calculate dynamical quantities.
One such quantity that is of considerable interest is the dynamical structure factor. This quantity, defined for a general spin operator S a j on the jth site of an N-site chain as 
(where the subscript c indicates we are to take a connected correlator) owes part of its importance to its role in describing inelastic neutron-scattering experiments on quasione-dimensional crystals, where it is proportional to the intensity of scattered neutrons at the given momenta and energies. Neutron scattering is used to probe the magnetic structure of materials. In a quasione-dimensional crystal, the coupling between sites in one direction has a much higher energy scale than in the two others. If one does measurements at an energy scale that is intermediate between these two scales, the system behaves as a one-dimensional system. In many such materials, the local magnetic moments have two low-lying levels, meaning that the systems can effectively be described as spin-of research that has been of theorists' interest for quite a long time: that of Heisenberg chains.
Heisenberg's spin model, nowadays also known as the XXX model, originally consisted of a lattice of spins-1 2 with isotropic nearest-neighbour couplings. In one dimension, this model was solved by Hans Bethe, who presented a method [1] to determine its eigenfunctions and their energies. A more general spin model was introduced by R. Orbach [2] . This model, which is also the one we shall be concerned with in this article, features an anisotropy in the spin-spin interaction in the z direction (and is hence known as the XXZ model), as well as an external field parallel to that anisotropy. It is given by the Hamiltonian
where J is the coupling strength, ∆ is the anisotropy parameter, h the external magnetic field and S x j , S y j , S z j are the usual spin-1 2 operators acting on chain site j. Bethe's method-known as the Bethe Ansatz-has been employed to find static properties of many one-dimensional quantum systems. However, due to the intricate form in which the eigenstates are given by the Bethe Ansatz, calculating such quantities as norms, overlap functions, and correlation functions is not an easy task.
CALCULATION SCHEME

Bethe's Equations
The Hamiltonian (2) conserves the spin component in the z direction (as well as the total spin). Therefore, the Hilbert space it acts on separates into disjunct subspaces with different expectation values of the magnetisation. Throughout this paper, we shall specify the subspace by the number of spins pointing downward,
Throughout this paper, the reference state is defined to be the state with all spins pointing upward, |0 := N j=1 |↑ . The chain length N is always assumed to be even and the boundary is periodic. If the Hamiltonian is defined as above, the energy of the reference state equals −JhN/2. From this reference state, all states with M up to N/2 can be reached with a Bethe Ansatz; to reach the other states, one should start from a reference state with all spins down.
Bethe's solution gives the un-normalised wave functions |{λ } in terms of a set of M parameters {λ } known as rapidities. They can be calculated from the Bethe equations, a set of M coupled equations
In general, equations for the XXX case ∆ → 1 follow from those for the XXZ case by taking the limit ζ → 0 with γ := λ /ζ kept finite.
To calculate the many solutions of these equations, one makes them explicit by taking the logarithm of these equations, thus introducing a set of M quantum numbers {Ĩ}, which are integer for odd M and half-integer for even M.
where
There is an exclusion principle at work: since wave functions vanish identically for coinciding rapidities, no two rapidities must be equal. Because of this, for real rapidities, all quantum numbersĨ j are distinct. In that case, these equations can easily be solved up to high numerical precision by iteration.
The string hypothesis and its limitations
However, roots of Bethe's equations need not be real numbers. Already in Bethe's original paper [1] it is conjectured that complex solutions will form structures (later dubbed strings) of roots with equal real parts and imaginary parts equally spaced and distributed symmetrically around the real axis or, in the XXZ case only, the axis iπ/2, as follows:
where j ∈ {1 . . . N s } denotes the string type, α ∈ {1 . . . M k } enumerates all strings of type k. n j is the length and v j ∈ {1, −1} the parity of a string. The string centre λ j α always lies on the real axis. In this definition we allowed for a deviation δ j αa ; the string hypothesis is the conjecture that complex solutions of the Bethe equations take this form with δ j αa = O(e −cN ) with c > 0. For ∆ = 1 all string lengths are allowed and have positive parity; yet, in general, what lengths are allowed and what parities are associated to them depends on the anisotropy in a rather involved way [4, 5, 6, 7] : if we call the number of string types N s , then, for j ∈ {1 . . . N s }, we have lengths and parities given by
in which ν i ≥ 1 are the partial quotients of ζ /π given by ζ π =: 1
where we terminate the continued fraction after a suitable number l of partial quotients. Note that ν l ≥ 2 to avoid an ambiguity in this definition. In the presence of strings of length two or higher, indeterminacies of the type δ /δ pop up in the Bethe equations. These, however, can be cancelled by taking a product of the Bethe equations for all roots constituting a string, leading to what is known as the Bethe-Takahashi equations; in logarithmic form, they are
with 
and their momenta are
It is known [1, 16, 17, 18] that the string hypothesis is not generally valid. However, after finding a numerical solution to the log-Bethe-Takahashi equations (14), one can explicitly check whether or not it is a solution of the original Bethe equations (3) to sufficient accuracy, by calculating the deviation of each string root. To first order, this deviation is given by
, (20) in which any factor of zero appearing in numerator or denominator is to be left out.
There are a few classes of string solutions which we can discard without performing any calculation: no even-length string with rapidity zero can be a solution of the Bethe equations, as the left-hand side becomes non-finite; furthermore, if there is more than one odd-length string of the same parity with rapidity zero, the exclusion principle is violated. Rapidities at zero can easily be found: if the quantum numbers are spaced symmetrically around zero, a zero quantum number implies a zero rapidity. The wave functions in these cases must be obtained by a limiting procedure on the Bethe wave functions, which we do not carry out here.
Determinant expressions
Although Bethe eigenstates are hard to work with, exact expressions exist for the norm [8, 9] and overlap [10] of states and for form factors [11, 12] (i.e. matrix elements of local spin operators). By inserting a complete set of eigenstates, the structure factor can be expressed as a sum over squares of form factors of the M-particle ground state |G M and these eigenstates,
The ground state itself is excluded from the sum as we calculate the connected correlator S a Sā c := S a Sā − S a Sā . Note that for the form factors to be non-zero α must be in the right subspace: for the S z form factor, with equal number M of down spins as the ground state; for S − , the space with (M − 1) down spins. The form factor can then be calculated using a determinant expression. For the two-particle contribution at a fixed momentum, such methods were used in [14, 15] .
We shall calculate the full contribution coming from multi-particle intermediate states over the full Brillouin zone. In terms of the string rapidities, the determinant expressions are [23] 
and
with the matrices H, H − , and P given by
where notations such as H ab are a shorthand for H jαa,kβ b and the values λ j α0 , λ j α,n j +1 are defined by extension of equation (10) . It should be noted that although the definitions of elements of H and H − are the same, when H − is used the number of rapidities λ is one less than the number of µ, and therefore we have not yet defined all of its columns. The final column of H − is given by
The norm [8, 9] is given by {λ } := {λ } {λ } = det Φ({λ }) with the reduced Gaudin matrix defined as
Enumeration of states
With 2 N states in the Hilbert space, the form factor expansion by itself does not suffice to calculate the structure factor for anything but very small systems. What saves the day is that the number of states over which we have to sum can be vastly reduced [19, 20, 21, 22] .
First of all, as we already noted, we only need a single M subspace. Secondly, we can divide this subspace further into classes of states, which we shall call bases, distinguished by the number and character of excitations they contain. For instance, there is always a base containing only real rapidities, which we could denote (·). Then, for the XXZ chain, the first different type of particle is a rapidity with negative parity; if we have one of them we have base (·, 1). A base with three negative-parity rapidities and a two-string would then be (·, 3, 1), and so on.
For each such base, we can determine bounds for the quantum numbers {I}. We do this by letting the largest rapidity in the log-Bethe-Takahashi equation (14) go to infinity; since the order of rapidities equals the order of quantum numbers, all quantum numbers must be lower than or equal to the one that leads to rapidity infinity. Allowed quantum numbers I for string type j thus satisfy
where it is understood that all I j are integer for odd M j , half-integer for even M j . Let us call the highest allowed quantum number I j ∞ ; then, the number of available positions for string type j is 2I j ∞ + 1. If the equality I j ∞ = I j bound is satisfied, as happens in the XXX case, we have a rapidity that is formally infinite. These rapidities merit special attention which we shall bestow on them later on.
First, let us turn our attention to the lowest string type: the real rapidities. Since the ground state forms a Fermi interval in terms of the quantum numbers, any occupied position outside this interval is a particle and any empty position is a hole. As for the other string types, every occupied position there counts as a particle.
It is observed that the sum of form factors in a base decreases rapidly with the total number of particles of each type (particles, holes, and higher strings). Therefore, we order our states along these lines and sum over their form factors progressively to
